
International Mathemati
sTOURNAMENT OF THE TOWNSJunior A-Level Paper Fall 2011.1. An integer n > 1 is written on the board. Alex repla
es it by n + d or n� d, where d is anydivisor of n greater than 1. This is repeated with the new value of n. Is it possible for Alexto write on the board the number 2011 at some point, regardless of the initial value of n?2. P is a point on the side AB of triangle ABC su
h that AP = 2PB. If CP = 2PQ, where Qis the midpoint of AC, prove that ABC is a right triangle.3. A set of at least two obje
ts with pairwise di�erent weights has the property that for any pairof obje
ts from this set, we 
an 
hoose a subset of the remaining obje
ts so that their totalweight is equal to the total weight of the given pair. What is the minimum number of obje
tsin this set?4. A game is played on a board with 2012 horizontal rows and k > 2 verti
al 
olumns. A markeris pla
ed in an arbitrarily 
hosen 
ell of the left-most 
olumn. Two players move the markerin turns. During ea
h move, the player moves the marker one 
ell to the right, or one 
ellup or down to a 
ell that has never been o

upied by the marker before. The game is overwhen any of the players moves the marker to the right-most 
olumn. There are two versionsof this game. In Version A, the player who gets the marker to the right-most 
olumn wins. InVersion B, this player loses. However, it is only when the marker rea
hes the se
ond 
olumnfrom the right that the players learn whether they are playing Version A or Version B. Doeseither player have a winning strategy?5. Let 0 < a; b; 
; d < 1 be real numbers su
h that ab
d = (1�a)(1� b)(1� 
)(1�d). Prove that(a+ b + 
+ d)� (a + 
)(b+ d) � 1.6. A 
ar goes along a straight highway at the speed of 60 kilometres per hour. A 100 metre longfen
e is standing parallel to the highway. Every se
ond, the passenger of the 
ar measures theangle of vision of the fen
e. Prove that the sum of all angles measured by him is less than1100Æ.7. Ea
h vertex of a regular 45-gon is red, yellow or green, and there are 15 verti
es of ea
h 
olour.Prove that we 
an 
hoose three verti
es of ea
h 
olor so that the three triangles formed bythe 
hosen verti
es of the same 
olor are 
ongruent to one another.Note: The problems are worth 3, 4, 5, 6, 6, 7 and 9 points respe
tively.



Solution to Junior A-Level Fall 20111. Starting from any positive integer n, Alex adds n a total of 2010 times to get 2011n. Thenhe subtra
ts 2011 a total of n� 1 times to get 2011.2. Extend QP to R so that RP = 2PQ. Then P is the 
entroid of triangle ARC. Sin
eAP = 2PB, the midpoint of RC 
oin
ides with B. Sin
e RP = CP , triangles PRB andPCB are 
ongruent, so that 6 ABR = 6 ABC. Sin
e their sum is 180Æ, ea
h is 90Æ.
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3. Clearly, the set 
annot have 2, 3 or 4 obje
ts, as it would not be possible to balan
e the heaviesttwo obje
ts. Suppose it has only 5 obje
ts, of respe
tive weights a > b > 
 > d > e. Clearly,we must have a+ b = 
+d+ e. Sin
e a+ 
 > b+d, we must also have a+ 
 = b+d+ e, whi
himplies b = 
. The set may have 6 obje
ts, of respe
tive weights 8, 7, 6, 5, 4 and 3. Then8+7=6+5+4, 8+6=7+4+3, 8+5=7+6, 8+4=7+5, 8+3=7+4=6+5, 7+3=6+4, 6+3=5+4,5+3=8 and 4+3=7.4. The �rst player has a winning strategy. She will only move the 
ounter up or down until shelearns whether a move to the last 
olumn gives win or not.Sin
e 2012 is even, she 
an 
hoose a dire
tion (up or down) so that the marker stays in thesame 
olumn for an odd number of moves. If the marker starts at the end of the 
olumn,the only possible dire
tion allows her to keep it in the same 
olumn for an odd number ofmoves. Thus she 
an ensure that the se
ond player is always the one to move the marker tothe right, either by 
hoi
e earlier or being for
ed to do so when the marker rea
hes the endof the 
olumn. When the marker rea
hes the se
ond 
olumn from the right, the �rst playereither wins by simply moving the marker to the right or keeps the marker in this 
olumn asbefore, and waits for the se
ond player to lose.5. From ab
d = (1� a)(1� b)(1� 
)(1� d), we havea + b+ 
+ d� (a+ 
)(b + d)= 1 + a
(1� b� d) + bd(1� a� 
)= 1 + a
(1� b)(1� d) + bd(1� a)(1� 
)� 2ab
d� 1 + 2qa
(1� b)(1� d)bd(1� a)(1� 
)� 2ab
d= 1 + 2ab
d� 2ab
d= 1:



6. Solution by Central Jury:Divide the points of observation into six groups 
y
li
ally, so that the points in ea
h groupare 100 metres apart, the same as the length of the billboard. The diagram below shows theangles of visions from the points of a group.
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The sum of all these angles is 
learly less than 180Æ. Sin
e there are six groups of points ofobservations, the sum of all angles of vision is less than 6� 180Æ < 1100Æ.7. Solutioin by Central Jury:Copy the regular 45-gon onto a pie
e of transparen
y and marked on it the 15 red points. Callthis the Red position, and rotate the pie
e of transparen
y about the 
entre of the 45-gon 8Æat a time. For ea
h of the 45 positions, 
ount the number of mat
hes of yellow points withthe 15 marked points. Sin
e ea
h of the 15 yellow points may mat
h up with any of the 15marked points, the total number of mat
hes is 15� 15 = 225, so that the average number ofmat
hes per position is 5. However, in the Red position, the number of mat
hes is 0. Hen
ethere is a position with at least 6 mat
hes. Call this the Yellow position, 
hoose any 6 ofthe mat
hed marked points and erase the other 9. Repeat the rotation pro
ess, but this time
ounting the number of mat
hes of green points with the 6 marked points. The total numberof mat
hes is 6� 15 = 90, so that the average number of mat
hes per position is 2. As before,there is a position with at least 3 mat
hes. Call this the Green position, 
hoose any 3 of themat
hed marked points and erase the other 3. The 3 remaining marked points de�ne three
ongruent triangles, a red one in the Red position, a yellow one in the Yellow position and agreen one at the Green position.


