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5.1. [3]  Solution. Sum the equations for plums and apples over all baskets. We find the total number of plums to be 5 times greater than that of apples. Similarly, the total number of apples is 5 times greater than that of pears. Hence the total number of plums is 25 times greater than that of pears, and thus the total number of fruits is 31 times greater than that of pears.
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5.2. [3]  Answer. No, Karlsson will fail. Solution. Lillebror makes a dissection from point K  chosen by Karlsson, through the centre O of the cake (if Karlsson chooses O than Lillebror makes any dissection from it). The line KO  and the line m drawn through O perpendicularly to KO divide the cake into 4 identical parts. Karlsson has to make a dissection from K parallel to m, and both pieces that can be obtained are not smaller than the above four parts.
5.3.  a) Answer. A single circle. Solution. Draw a circle which has the centre on a side of the angle and passes through the vertex O of the angle.  The circle meets the other side of the angle iff the angle is acute.
b) Solution. Draw a circle with the centre O. Let it meet the sides of the angle at points A and B. Starting from A, construct its consecutive chords equal to AB. If after constructing 360 such chords we have gone just 31 times around the circle then  (AOB = 31(.

5.4. [5]   Solution. Arrange the participants into the longest possible line so that neighbours are acquainted. Three acquaintances of the extreme participant (say  А) must be in this line (otherwise it can be made longer). Let B and C  be two acquaintances of А  which aren’t neighbours of А. If there is an even number of persons between А and B (А and C) then they form the required group together with А and B (А and C). And if both these numbers are odd then there is an even number of persons between B and C, and they form the required group together with B and C.
5.5. [5]  Answer. 1. Solution. Any four consecutive squares produce the integer 4  (in 3 operations): 

(n + 1)2 – n2 = 2n + 1,  (n + 3)2 – (n + 2)2 = 2n + 5,  (2n + 5) – (2n + 1) = 4.

This way, we get 24 fours from 62, 72, …, 1012. Then we turn 20 of them to zeros by pairwise subtraction. Now from 4, 9, 16, 25 we get  14 = (25 – 4) – (16 – 9).

4 – (14 – 4 – 4 – 4) – 1 = 1.

O-level, Seniors
6.1. [3]  Solution. Similarly to the solution of  5.1, the total number of bananas is 2009 times greater than that of lemons, and the latter is 2009 times greater than the number of pineapples. Hence the total number of fruits is  20092 + 2009 + 1  times greater than the number of pineapples. Since 2009 ( –6 (mod 31), we have
20092 + 2009 + 1 ( (–6)2 – 6 + 1 ( 0  (mod 31)

6.2. [4] Solution.  Draw a tangent l to the parabola at its arbitrary point A(a, a2). The tangent has just one common point with the graph Г of f(x). The points below this tangent cannot belong to Г because each of them lies on a line parallel to l and having no meets with Г. Thus the points of l distinct from A cannot belong to Г as well: each of them lies below some other tangent to the parabola.  Hence the point A (and thus any point of the parabola) belongs to Г.

6.3. [5]  Answer. Yes.                         [image: image4.png]



Solution. Paint 8 facets of the octahedron as on a chess-board. Dissect the white (resp. black) facets into halves of hexagons as at the left (resp. right) figure.  Each joining of adjacent facets arranges halves of hexagons into whole hexagons.
6.4. [5]  Solution. The  baron always is right(  Suppose  P(x) = anxn + … + a1x + a0  and  P(2) = b.  Then
b = 2nan + … + 2a1 + a0 > an + … + a1 + a0   (
bn > bn–1(an + … + a1 + a0) (bn  > an–1bn–1 + … + a1b + a0.

Thus an is the quotient, and  an–1bn–1 + … + a1b + a0  is the remainder when P(P(2)) is divided by bn. Similarly  an–1 is the quotient when  an–1bn–1 + … + a1b + a0  is divided by bn–1 , and so on.
6.5. [6] Answer. No.

Solution. Suppose that at the beginning the needle is parallel to X-axis, and let some sequence of rotations give the required result.  Draw the segments on the plane, corresponding to the consecutive positions of the needle. If several consecutive rotations are performed around the same end of the needle, remove the segments corresponding to the positions  of the needle between these rotations. The remaining segments form a polygon (maybe with self-intersections) whose sides have equal length (say 1) and either are parallel to X- or Y-axis or form angles equal to 45
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 with them. In the latter case, the projection of the side onto each coordinate axis equals 
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. The sum of projections of the sides onto each coordinate axis is zero. In this case, the numbers of “skew’, horizontal and vertical sides are even, so that the total number of sides is even as well.

On the other hand, if the ends of the needle are denoted by  A and B then any two consecutive vertices of the  polygon correspond to positions of distinct ends. If finally the end B occupies the starting position of the end A then the total number of sides is odd. But this contradicts to the above.
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